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ABSTRACT
| ¢3

In radio, radar, sonar and seismic signal detection theileqiz often the
problem of processing received signals which have been distorted by a linear
operation in the process of being transmitted. Examples are scattering and
multiple-path propagation of radio waves. Usually the nature of this linear
operation cannot be known very precisely in advance, and it often is changing
in time, so that in order to carry out effective processing of the received
signals it is necessary repeatedly to test and measure the mode of transmission,
or channel as it will be called.

In this paper the beginnings of a theory are established concerning
time-varying and random linear channels with the intent of characterizing
classes of channels which can be determined exactly or approximately by
measurement, showing how the measurements can be made, analyzing the
errors, and applying the resulis to the theory of signal detection.

The notion of a determinable class of channels is defined and general
examples are given. These include classes of channels that are time-
invariant, periodic, and which vary with a known trend. The measurement
of slowly-varying channels by approximation by time-invariant ones belonging
to a known determinable class is discussed. Relation between almost-time-
invariance of a channel and the correlation properties of a kind of stationary

random channel are developed and tied-in with the channel measurement theory,

An application is made to the problem of detecting sure signals in noise when

V

the channel is slowly-varying.




ON THE MEASUREMENT AND USE OF
TIME-VARYING COMMUNICATION CHANNELS
W. L. Root

1. Introduction

A considerable amount of work in recent years has gone into the
study of how to process received radio, radar, sonar or seismic signals
so as effectively to recover certain intelligence from these signals when
they have been disfigured in transmission. Multiple ray paths, as occur
in radio wave reflection from the ionosphere, or sound wave transmission
in relatively shallow water, scattering from an irregular surface, such
as the moon, or from randomly occurring inhomogeneities in the trans-
mission medium, are typical phenomena which can result in time-varying,
frequency-shifted and sometimes apparently random superpositions of
the emitted waveform at the receiver. Usually, in addition, there is noise
at the receiver of a highly random character of essentially thermal origin.
A great many problems of signal processing in situations of the kind indi-
cated can be based on a mathematical model in which the total received
waveform is represented as the sum of two waveforms, one the result of
a linear operation on the emitted signal, and the other a completely inde-
pendent random noise. The linear operation may or may not be time-varying
and may or may not be random. There may be unknown parameters deter-
mining the linear operation, the emitted signal and the noise.

In this paper an attempt is made to begin a systematic study of
certain aspects of the measurement and data processing problems arising
when the linear operation on the signal (henceforth called the channel operation)

is initially unknown. The primary concern is with measuring channel
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characteristics so that these characteristics may be available for communi-
cation signal processing. The special case of slowly-varying channels is
considered in most detail.

We suppose that the total received signal w(t) for both measurement

and communication situations is of the form

w(t) = y(t;a) + n(t) , Ty St=sT, (1)

where n(t) is noise and y(t;a) is the response of the linear channel to an

input signal. In particular, we write

y(t;a) = S‘ h(t, s) x(s;a)ds, Ty, St=T, (2)
Aft)

where x(t;a) is for each @ a known function of s representing the emitted
signal, h(t;s) is a kernel characterizing the channel and y(t;e) is, as in
Eq. (1), the intelligence-bearing signal at the receiver. We are modeling
the channel as a linear integral operator, or more properly as a collection
of linear integral operators, depending upon T,,T;, and the sets A(t), each
with kernel h(t, s) where hit, s) is presumed to be defined for -w 1t, s < .
Thus, the channel is identified by the kernel h(t, s). We shall sometimes
take h to be an ordinary real-valued function, and sometimes take it to be a
sample function from a stochastic process, i. e. h(.,.) =z h(., ., w) where
w is an element of a probability space. In the latter case we talk about
stochastic channel operators.

In Section 2, the basic definitions and notations are introduced. In
Section 3, the question is studied of how much prior information is needed
about a channel in order that it can be precisely determined from measurement.

This question is stated in the form: how can classes of possible channels




be characterized so that a channel belonging to such a known class is
identifiable from certain kinds of measurements? The formal definition
of a determinable class is introduced as an answer to this question and
examples are given. These examples include classes of time invariant
channels, classes of periodic channels, and channels with known trend.

In Section 4, the measurement of slowly-varying channels is
considered; the idea” used is to approximate a slowly-varying channel by
a time-invariant one belonging to a known determinable class. Error
bounds are established. In Section 5, the results of Section 4 are applied
to a study of the errors resulting in a classical sure-signal-in-noise
detection problem when the channel is slowly varying.

The previous work which seems closest in spirit to most of this
is that of Kailath (1959) on channel measurement. Superficially the

approach here is different, more abstract and more general but with

results less applicable from an engineering point of view. Not only the
definition of a determinable class, but the idea of making such a definition
and using it as a starting point is apparently new. It is hoped eventually
to obtain information-theory-like results about channel measurement and
use centered around the notion of determinable classes, but very little
has been accomplished. In this connection it may be noted that bounded
closed determinable classes are compact (this and other mathematical
properties of determinable classes are shown in a forthcoming report by
R. Prosser and the author) and therefore the notions of ¢ -entropy and

e -capacity (see Kolmogorov and Tihomorov{1959) are applicable. For
general background on time-varying channels see Price and Green (1961 )

and the survey paper by Kailath (1963 ) with its accompanying bibliography.




2. Definitions and Conditions

If x(t) is the signal emitted during a time interval of interest,
a =t=<b, and y(t) is the channel output during a time interval c £t = d,
resulting from x(t), we write, as in Eq. (2)
b
y(t) = S‘ h(t, s)x(s) ds, c <

a

ot

< d. (3)

Usually, but not always, a=c, b=d (we shall from this point on consistently

neglect a fixed minimum time of transmission). We shall always require

%(t) to be a real-valued measurable function, square-integrable on [3, p] .
The channel is characterized by the kernel h(t, s) which usually

is to be defined for - w<1t, s < o, although occasionally it will be defined

only for s, t in some suitable interval I. The channel is deterministic if

h(t, s) is a real-valued function; in this case it is required that h satisfy

2
SS [h(t, s)| dtds < o (4)
A

for any bounded measurable set A in the plane. The channel is stochastic if

|
hit, s) = h(t, s; w) |

\
is a real-valued stochastic process, with w an element of a probability ‘
space 2 (the probability variable w will be suppressed). If the channel is

stochastic it is required that h satisfy

2
gyE | hit, 8)] dtds<w (5)
A

for any bounded measurable set A. The condition (5) implies that (4) holds

with probability one.
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If we put k(t, t-s) = h(t, s) then the equation

b

y(t) = S‘ h(t, s)x(s) ds, as<t<b (6)
a
may be written,
t-a
y(t) = SI k(t, u)x(t-u) du, astsb. (7)
t-b

We shall refer to t, s and u in these equations, respectively, as the

observation time, emission time and age variables. If the channel is

deterministic the integral operator defined by Eq. (6) or (7) as an operator
on L, (a, b) is Hilbert-Schmidt, for any finite a, b. If the channel is
stochastic, then with probability one this operator is Hilbert-Schmidt. It
is convenient to work with both forms of the kernel, and we shall continue
to use the letters h and k as in Egs. (6) and (7).

We say a deterministic channel is realizable if k(t,u) = 0 for all

u < 0; has finite memory if there exists y(t) 2 0 and bounded on every

finite interval such that k(t, u) = 0 for all u >y(t), -0 <t< o; is time-in-

variant if k(t, u) = k(t', u) for all t, t', so that k does not actually depend

on t. We shall say a stochastic channel is realizable, has finite memory,

or is time invariant if for every finite t-interval [ a,b ] the respective

conditions above hold except on a set of sample functions of k(t, s) of
probability zero. (This implies of course that the conditions hold for all

k(.,.;w), -0 <s5,t<ow, except for wep, where prob.2,= 0).

We shall assume in what follows that any stochastic channel to be

considered will have the properties




Ek(t,u) =0,
and

Ek(t, u) k(t, u') = R(t, t';u, u') (8)
exists and is continuous in all its variables simultaneously. The first condi-
tion entails no loss of generality, because if there is a deterministic
component it may be subtracted out andtreated separately The second
condition will automatically imply (5). We can now define a stochastic

channel to be stationary in the observation time¥* (ot-stationary) if

R(t, t';u, u') is a function of t and t' only through their difference t - t.

In this case we write
Ek(t, u)k(t',u') = R(t, t'; u, u') = R(t-t'; u,u').

Before proceeding further the following notational conventions are
established. If f(t) is a square integrable function on L, [I] , where L, [I]
is the L, -space with respect to Lebesgue measure on an interval I, we
denote its norm by ||f]| or |[f]|;. If it is absolutely integrable we denote
its norm in L, [I} by [[f[|, . If h(t, s) is square-integrable onI X I, we denote
its norm in L, [ I X I] by [] h[] s h( t, s) may then be the kernel of a Hilbert-
Schmidt (HS) operator H on L,[I] and the HS norm of H is denoted also by
[[HII One has HHH = ﬂhH The usual operator norm is denoted by [|H|.

We shall say a deterministic channel is admissible if it satisfies
condition (4) and is realizable; a stochastic channel is admissible if it
satisfies conditions (8) and is realizable. We note that for an admissible

channel with respect to the interval [0, T] ,

* We do not bother to distinguish weak stationarity from strict stationarity,

for, except in the Gaussian case where the two are the same, we are always
concerned here with the former. See Bello (1963) for a complete classification
of stachastic channels.
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Tt
2 2 2
HHH =§S|h(t,s)| dtds=S§|k(t,u)| du dt.
0 o

00

If the channel operator H has a time-invariant kernel so that k(t, u) does not

actually depend on t, we put g(u) = k(t, u).

3. Channel Measurements and Determinable Classes

Part of the overall problem of communicating through unknown time-
varying channels is making the short-term measurements which are intended
to provide the temporarily valid estimates of channel behavior. There

are questions of when these can be made and how. If there is no a priori

information restricting the class of possible kernel functions h(t,s),0=<t,s = T,
then there is no way to determine hit, s), 0 =t, s = T, by measurements
performed during the observation interval [0, T] ; i. e., given the equation

y = Hx,x€e L,[0, T}, H an arbitrary Hilbert-Schmidt operator on L, [0, T),

there is no way to choose x so that knowledge of y determines H. Hence

the class of possible kernels must be restricted in advance in such a way

that for suitable x, y = Hx does determine (or nearly determine) H.

A definition is stated below which is intended to offer a reasonable
criterion asto when a class of channels can be measured effectively. The
definition essentially imposes two kinds of restrictions: the first is to
impose constraints to cut down on the ""degrees of freedom' of H so that the
equation y = Hx can be solved uniquely for H, the second is to insure that
H can be approximated arbitrarily closely with a finite set of measurements.
The necessity of the first kind of restriction is evident if one considers the
analogous situation (actually, a special case) in which x and y are n-vectors
and H is an n X n matrix. For then, solving y = Hx for H amounts to solving ,

2

n equations for n® unknowns, unless additional information about H is available.
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It should be noted that the point of view adopted in this Section does
not include the notion of any statistical characterization of the channel. For
the moment at least the channel istreated as an unknown operator, not a
random operator.

We now introduce precise definitions. By a linear measurement of

a channel in the time interval [0, T] is meant a finite collection of inner

products (p K w), k=L...K, pke L,{0, T] , defined whenwe L,[0, T] , where

w(t)= [ Hx](t) +n(t) ,0st=T

is thereceived waveform, as in Eq. (l1). In this context the transmitted
signal x(t) will sometimes be referred to as the test signal. In the definition
to follow n(t) = 0.

We shall say a class ¥ of admissible channel operators H is uniformly

determinable (€ , I) if in the time interval I there is a test signal x(t), a

linear measurement {(pl AW, el (pk, w)} , and a function f from k-dimensional

Euclidean space R, to the HS operators on L,[I] which is continuous with

k
respect to operator norm, such that for each H in the Class ‘Hf

H=f(p,,Hx),..., (p, Hx)) (9)

k
is an admissible operator and
N~
|H-H| = €.

The test signal x(t), the linear measurement, and the function f we

call a channel determination (e, I). If for fixed I there is for each €¢> 0 a

determination (€, I), we say the class of channels is uniformly determinable

(0,I). If for each € > O there is an interval I{€ ), where I{(€ ) approaches
as € >0 and a determination(€ , I(€ )), we say the class of channels is

uniformly determinable (0, ).




The notion of uniform determinability is not restricted to classes
of time-invariant channels, as we show later by examples, but we consider
them first. They are of importance here especially as approximations for
slowly-varying channels and as prototypes for channels with known trend.
First, we observe that the class of all admissible time-invariant kernels is
not uniformly determinable ( €, I), where I is any finite interval and ¢ > 0
is quite arbitrary. In fact, consider any (€, I ) determination of H,

f((¢;, Hx), ..., (¢, Hx)). Now (Hx)(t) = it glu) x(t-u) du  ,0=tsT
[4]

can be interpreted as an operator X with kernel x(t-u) operating on
ge L,[0, T},
Hence the mappingy carrying g into z defined by z = ¢ (g) =
(1, Hx), o os (o), HX))

= ((py.,8%X) , ..., (¢k, gxx))

is a bounded linear mapping from L, [0, T] into a finite-dimensional linear
space, and cannot be 1:1. Let g'#g'" and suppose yg' = g'". Then for
any constant a> 0, {(ag'-ag'') = 0, so that the kernelsag' andag'" will
yield the same determination, while [lag'-ag" || may be as large as desired.
Then if H' and H" are the convolution operators with kernels g' and g"
respectively, [[aB'-aH" || may be made as large as desired, thus violating
the assertion that there was given an (e, I) determination.

If one considers the restricted class of admissible time-invariant
kernels for which ||H|| < C = constant, then a trivial refinement of the above
argument shows that for each I there is an ¢; > 0 such that this class is

not uniformly determinable (e, I) for € <e,.

Example 1. There are various ways of putting further restrictions on

the class of admissible time-invariant kernels to make them uniformly




determinable. For example, suppose{¢k} is a complete orthonormal set
in L,[ 0, T], then the class of all admissible time-invariant kernels g(u) whose
Fourier coefficients with respect to the ¢k are dominated in magnitude by
the elements of a fixed sequence belonging tof, is uniformly determinable
(0,I) , where I is the interval{0, T} .

To prove this we consider determinations in which the test signal
x(t) is an approximate 6~ function and the function f is given by a partial
sum of a Fourier series. Let H be the unknown channel operator with
kernel k(t, u) = g(u) as before. We note that since x(t) and g(t) both

vanish for t= 0,

t 00
[Hx] (t) =S g(u)x(t-u) du :5 x(t-u) g(u) du ,0=t=T.
0 -

Take xn(t) to be an approximate identity in L, under convolution such that
Xn(t) vanishes outside{0, T] (e.g., Xn(t) =nfor 0 < ts%, zero otherwise,
satisfies this condition, but there is a wide choice of such X including
many sequences of continuous functions). Then the L; (0, T) - norm of

X, l xn” 1, is equal to one for all n (]| x | must approach «), and if

yn(t) = xn(t—u)g(u) du ,0st=sT

8§—8

then

Iy I = = lI: el = Hell

(this follows, a fortiori for this truncated convolution from the usual inequality

for convolutions with g(u) set equal to zero for u > T). We designate the

10,




truncated convolution above by xn*g_ The determinations referred to can

now be written

K K

A
k=1 k=1
where K and n are positive integers. 00
Let {ak} be any sequence of real numbers such thatzl;al: < 0. Put
o0
E 2
£ 8 = M
o0
We now consider the class of all kernels g(u) = E bk¢k(u), 0<us=sT, for
1
2 2
] <
which |bk| =a . Then,
K 00
A
B "L Gox x2ib b )o
k,n k=1 k''n p=1 pp 'k

Any determination of the kind in question is given by
K K

L (6,5 )6 =2 (b, % 42)b
i LU T
K )
=2 (6,x*L b )b
ksl & % psp PP

for some positive integer K and some approximate §-function X - Given
o0

an arbitrary € > 0, let K be chosen large enough so thatE af{< & MZ.
K+1

11.
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Then let N2 K be large enough that 7 af{< ¢? M?, and in the sequence
K

of approximate &functions {xn} , let n be large enough that Ihk - X wdy 1< TSI_
for k=1 ...,N. Since Xn has L, -norm of 1,

o x x| = oIl lx_lllo Il =1
and from the condition on X it follows immediately that

oo xpaty) | 21 - 5" k=L 0k

and
(6 x x4 )] < & itk k=1l.. K
K
Then, le-Z (o5 )4l
k=1
K 0

< | Z‘[b (65,1 ¢k||+u2 b 10)

|

By the choice of K the second term is dominated by ¢ * M?> . For the

coefficients in the first term one has,

b, —(¢k’,yn) = bk[l (b X ¢k)]

N

[*¢]
- - , b
) by Xpatg) - (e X, 53 Do)

12,




and hence,
N 00
€ €
I (o) 1= g + T Ib I+ o Il 1l @y oa
€ Me Me
< ,bkl-ﬁ-'—;f—ﬁ—— +¢K=.

Thus the square of the first term on the right side of the inequality (10)
is bounded by
K K
2 2 2
E _ 2 € E 2 KM* ¢ 2 2
i 1o ey ) 1P = 4 {Ge- g o |17+ —— + M7 2}

e? (ﬁlz— +§+ 1) s12M? €2,

and we have

K

lg -&, (4, v 4, I 5Me

for all g satisfying the stated condition. This implies the corresponding

error in HS operator norms is less than 5Me NT.

If the ¢k(t) are taken to be the sines and cosines of the ordinary
Fourier series, this condition says it is sufficient for uniform determina-
bility that the energies in each frequency component be uniformly

bounded and tail off uniformly at high frequencies.

13,




Example 2. Consider admissible kernels with the periodicity property
h(t, s) = h(t+ Ty,s + Tp) for allrealt, u, which have finite memory vy.
Let n be an integer large enoughthat nTy > v, and 1et{¢k(t)} be a complete
orthonormal set on{0, nTy]. Each admissible operator, being
Hilbert-Schmidt, can be expressed as an infinite matrix with coefficients
nT, nTo
hkj = é }S h(t, s) ¢k(t) ¢j(s) dtds.

o0

where s hf('<°°'
k=1, j=1 J

o0
Let{akj} be an infinite sequence of real numbers such that 2 af{ < 0. Consider
k=1, j=1

the sgubclass of the periodic kernels with finite memory which satisfy

the condition h;js azkj’ k,j=12,... . This subclass of periodic
channels is uniformly determinable{0,) . The proof runs parallel to

the one in the preceeding example and will not be given. The idea is

that by using ¢, (t) as a test signal an arbitrarily good approximation

can be obtained in the time interval[0, nTy] for the first column of

the matrix. After a relaxation interval of length nT,, a second deter-
mination will yield an arbitrarily good approximation to the second column
of the same matrix, etc. Channels with periodicity of this sort do not
seem at the moment to be of very much practical interest in communication.
However, a slight modification may be of interest. If the channel is a
linear system( "plant'' in control engineering) which is under man's
control and can be re-set to a fixed initial state after being probed, then

it can be tested again as indicated and it will be uniformly determinable

if the regularity conditions stated above are satisfied.

14,




In practice one is presumably not really interested in knowing how
a channel transmits all signals of finite energy, but only those in a
certain subclass, as for example, those in a certain frequency band.
The notion of determinability is extended, therefore, to apply té
subclasses (not necessarily linear ) of signal functions. A class of admissible

channels C is uniformly determinable (¢, I) with respectto S, Sa

subset of LI}, if there is a determination yielding a bounded linear

A
operator H on L, [I] such that for each H belonging to C

A
sup ﬂ Hx - Hx||< €
X€S X

Example 3. An obvious and often practical way to get an approximate
determination of a time-invariant channel is to estimate its transfer
functions. If the time-invariant kernel is g(u), the transfer function is
defined to be

i2nfu
e

G(f) =§ g(u) du.

=00

It is assumed the channel has finite memory <y and that [jg]|, < B =
fixed constant (it is sufficient because of the finite memory that | g ||, <
fixed constant). We take as observation interval the interval I = [0.T] .,
and as the class S the set of all functions x(t) ¢ L, [0, T] whichsatisfy
for a fixedo, 0< o <1, and fixed fb > fa>0’

fy b
zg | X(f) |? df = ng IX(f) |2 df
fa _ a z 1-¢? (11)
0«
2
Sw-lxmlzdf x|

15,
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> .
where X(f) = § x(t) ee™ gt = g x(t) el 2™ tat.

-0 0

If ¢ is chosen too small the class S is empty, of course. We exhibit a
uniform determination (e, I), where ¢ = ¢ (I), for the class of channels
specified with respect to S. The idea is to transmit something like a
"comb'' of frequencies across the frequency band, [fa, fb] , of interest
and measure the response to each. The transfer function cannot vary
rapidly because of the finite memory, hence an approximation to the
transfer function across the entire band can be obtained. This is the
ordinary frequency-response method of testing a linear time-invariant
system, just as the determination of example 1 is the ordinary impulse
response-method.

First, by the assumption of finite memory, one has

Y
|G(£+€ ) -G(0) | = IS (2 +E) 2T L ar
0

< 2ny| €] Ilgllx- (12)

Now choose £ > 0 arbitrarily; it is temporarily fixed. Let {fi} be a

.. . _f - - -f =
finite net of frequencies, fi+1 fi £ ,i=1...,m, such that 0<f1 fal go,

0
0<fb -fms g~° . Let xi(t), i=1 ..., m, be signals which vanish outside the

interval[0, T}, each of which (for convenience) has the same L. norm. The
?

i'th signal is to be concentrated about the frequency fi; that is, the number

o, > 0 given by

16.




£4E,
25 | X, () af (13)
f.-¢

0

1ALk

m

is to be small if possible. Put the transmitted signal x(t) =-Z> xi(t) and

put pi(t) = arxi(t) (Pi(f) = aXi(f), where Pi (f) is the Fourier transform

of pi(t))where a is chosen so that

£, +€ , fi+E o
§ § ‘
P.(f) X.(f) df = a |X.(6)| df=%.
i i i
fi' €o fi- €o
Then the quantity (pin) is taken as an estimate of G(fi)’ and the step function

G (D = (pp Hx), £~ <fsf+E i-1l.... m

is an estimate of G(f) over the interval[fi-g 0’ fm+§ ] which includes
[fa, fb] . Outside this interval set a(f) = 0. Denote the union of the intervals

[fi -&,. fi +£, 1, and [—fi-g0 s -fi+§0 ] by Ai’ then

17,




T T
G(t)- o Gx) = 6t1) - (.0) (att-mxn arat
0 0

= G(fi) -S\ Pi(f) G(f) X(f) df

- 00

2 2
=ai |Xi(f)| [G(f,) -G(f)]df + @ S' . IXi(f)l G(f) df

i A

5

&
where Ai is the set complementary to Ai' Hence,

E G() X, (f) dof
kti

2
Gtty) (o G [< 2mylEe| N g |+ [l g Il o lix]
1 1

m
+algl 2 {X IXi(f)Xk(f)Idf+§ 1%, (61 (£) |at}
"k#OA, *

where the fact that |g(f) |< |g|| has been used. From the definition of
2

1
the constants o, and e it follows that ||x.|| = —=———. Thus, by the
i i a(l—tri)

Schwarz inequality,

+E

kA | o \/(1-“’ (i-oy)

18,



and hence from (12),

lG() - GO |= | G -GE) | + | GE,) -(p,, Gx) |

m
g, a
<lgll {anle Iv+ = +EJ1“
1o i k%
m 1
W (l-oiXI-O'k)} (14)
k#i

Since |lg|l; < B by assumption, the bound in (14) can be made arbitrarily
small as T—+w. First, £ can be chosen to make the first term arbitrarily

[

small. The choice of § determines m. Then T can be chosen large
0

enough to allow each of the o, to be arbitrarily close to 1. Estimates of

k
possible values of the o’k's for given £ and T are given by Pollak and

o ~
Landau (1962) . If we call the bound on |G(f) - G(f)| given by (14), A, and

denote the union of the intervals [fa, fb] s [-fb-fa] by A then for xeS,

0

2 2 2
[ Hx - ﬁxn =§ lG(f) - &(f)l - |X(€)] df
=00

2 2 2 2
< A SIX(f)I df +B S‘ | X(£) | af

A AF

2 2 2
(A +B o) | x|
This kind of estimate is of interest when ¢ is very small, as it

usually will be in examples from radio engineering. Of course, if the

signals of interest tail-off uniformly in energy away from a reference

19.




frequency, o can be made arbitrarily small, for any T, by taking the band

[fa, fb] wide enough.

A class of channels is determinable only if the ""degrees of freedom'
are restricted in someway, or if there is the possibility that the measurement
consists really of repeated measurements with the channel each time in the
same state. One way to restrict the degrees of freedom is to require time
invariance; another possible way would be to require all the channel operators
to have the same principal axes, but this does not seem to be of practical
interest; another way, which is a generalization of time invariance, is to
require that all the channel operators evolve in time according to a known
trend. We investigate now a notion of known trend. The idea is that if
hy (t) is the response of a channel to an impulse occurring at time zero, the
response to an impulse occurring at time s is to be given by a new function

which is the result of a trend operator ¢S operating on.hg.
For each s in some interval I (which may be infinite), let Lps be a

bounded linear transformation with domain and range contained in L,[0, y]

which satisfies the conditions:

i) Domain l’bs = Domain LIJS' for all s,s'e 1

ii) For all he Domain ¢S and a. e. t €[0, y]
[y h - b h)(t) [<a(s, s') ||n]

where0 = n(s,s') =n(s',s) 0 as s' > sandn is a

continuous function of both variables for s, s'e 1.
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iii)For any h, he Domain. ¢S
le p-¢hllst (s) | h-h

where 0 ={(s), §{ (s) - las s—=0 and {(s) is of integrable
square on any finite intervalc L.

Then{lps} defines a class of channel kernels with known trend as follows:

for any hp€ Domain Lps,put h(t, 0) = hy(t) and then define
h(t, s) = [¢Sho] (t-s), se€l te[s, s+ v].

Condition i) is obviously necessary for the definition to make sense.
Conditions ii) and iii) are more or less arbitrary continuity conditions
chosen to guarantee that if two channel kernels are close together at one
observation time they do not drift apart too rapidly, and to allow an easy
characterization of determinable classes. In fact, if h(u, 0) = g(u) belongs
to ¥, a uniformly determinable class (0, T) of the type defined in Example 1,
then h(t, s) = [¢Sho] (t-s) belongs to a uniformly determinable class (0, T).

To prove this statement 1et{xn(t)} be a sequence of approximate
&-functions, as in 1, which vanish outside the interval [0, pn] and satisfy the

condition that the product of the least upper bound of x . say Bn’ and b is

bounded, p.an < C. Then h has to approach zero, since X is an approximate

§-function, and one has
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T T
| S\h(t, s)x (s)ds -g glt-s) x (s) ds |
0

0

Hn
|S‘ [(¢Sho)(t-s) - ho(t—s)]xn(s) ds|
0

i
n
B |lhg llg n(s,00ds =B p [honle ,0) 0 =0 =p,
0

A

n

by ii). This approaches zero as n— o, uniformly for hy in a determinable

class of the type specified. Hence, in the space L, [0, T], || Hx - Gxn” =

| Hx - g+x | is arbitrarily small for n sufficiently large, uniformly over F.
Here G is the convolution operator with kernel g(u) = h(u, 0), and H is the
integral operator with kernel h(t, s). Now suppose, given €, n is large enough

so that both

I Hx - gx Il< e

and
€ —
Il¢k'xn*¢k|l<ﬁ.,k—].,...,K,

where K and N satisfy the required inequalities in the proof of example 1.

Then consider the same determination as used there. One has
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= = + -
Yy Hxn Gxn (H G)xn

so that
K

K
El (¢ Yy ¢k=§=1(¢k’ x 89 +Y

where || Y| < ¢ by the assumption above. Then

K K
le - & (o 3 )0y I<lle - & (4. x )y - Y

K
slg-Lpx +a)l+e,

which by the result in example 1,

< 5 Me +¢ (15)

K

The determination %: (¢k, yn) ¢k yields an approximation to h,(t) = h(t, 0);
K

A A
we call this approximation hy(t), i. e. hy = %;1 (¢k, yn) ¢k. The final deter-

mination of an approximate kernel is

ht, s) =(¢sﬁo) (t-s), O<s<ts<T.

The square of the Hilbert-Schmidt norm of the error is then
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T T
A
g | h(t, s)-[¥ hol(t-s) |2 atds
0

o(/3

T s+y
A 2
S;,g g In(t, s) - [¢sho](t- s)| dtds
S

T T
A 2 A 2 2
5 I ho - & ho i dss |[ho - by || S L (s) ds
0

0
A 2
= Const. - ||hg - hy ||

and this, by (15) may be made uniformly small for H i 4

Example 4. This family of examples includes channel models for situations
in which electromagnetic or sound radiation is scattered from a body of
scatterers which is expanding or drifting. Given a constant C > 0, let g(u)
be a continuous function on the line vanishing outside [0, y] which satisfies

the condition

lgtw) - gy [sC. [ gl . |u-u]. (16)

The set of such functions for which |jg|| is less than a fixed bound, say 1,
is a uniformly determinable class (0, T) of time-invariant kernels. In fact,

if one takes as orthonormal set on [0, y] the trigonometric functions

\lg—cosgv—nt,‘l-z— sin crnt X -1——, n=1 2,..., the n'th
Y Y Y Y Y
Fourier coefficients of the class of g's satisfying (16) are dominated by

c' gl (%—1) where C' > 0 is fixed (see, e. g., Titchmarsh (1939),

Hence the subclass with ||g||< Constant is a determinable class of the type

of Example 1.
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Now define hit, s) by

hit, s) = [b _gl(t-s) =gla(s) + B(s) (t-s)) (17)

where @(s), B(s) are continuous in an interval I, «(0) = 0, B(0) =1 and

B(s) is bounded away from zero. Functions h(t, s) as defined by Eq. (17)

are channel kernels with known trend; condition i) of the definition is

obviously satisfied, conditions ii) and iii) may be verified easily

(condition (ii) requires, of course, the Lipschitz condition on g). Furthermore,

if one considers only those g(u) satisfying the Lipschitz condition and | g]|

= constant, the class defined by Eq. (17) is uniformly determinable (0, T).
The formal definitions of determinable class and determination have

been introduced partly to indicate classes of channels for which an effective

measurement is possible and partly to help keep straight the bookkeeping

in an error analysis of such measurements. The idea being suggested here

is that a channel measurement is feasible if the channel is known from

prior information to belong to a specified uniformly determinable class or

to be ''near' such a determinable class, perhaps only in a statistical or

average sense. Then a determination suitable to this class is used toestimate

the actual channel operator. In this procedure errors may be caused for

three reasons: 1) the presence of additive noise, 2) the fact that the channel

being measured does not belong to the determinable class in question, but

is only near to it, 3) the existence of residual error in measuring an element

of the determinable class because of the finite nature of the determination, or

because the class itself is too large. This third kind of error has already

been discussed in the examples of determinable classes. We treat errors of

the first two kinds essentially as perturbations on the measurement of

channels belonging to a determinable class. Consider the second source of

error. Suppose the observation interval is fixed, I = [0, T}]; suppose the
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actual channel operator for this interval is H and that there is an
operator Hy in a bounded uniformly determinable class (e, I) such that

|H - Ho ]][<n. Letx (t) be the test signal, (P> W), k=1, ..., K the linear
measurement and f the continuous function from K-dimensional space into

L, which constitute the (e, I)-determination. If there is no noise

w(t) = (Hx) (t) = (Hox) (t) + (H - Ho)x(t)

and

(P> W) = (pk, Hox) + (p,. (H - Hy) x).

Thus, putting e k- (pk, (H - Hp )x), the determination yields

A
H = f((Pia Hx), ..., (p,. Hx))

k

= f((pi’ HOX) + El: LA ] (pk) HOX) + € )

k
where

e | = -Ho | Izl lpy I = lixl eIl

A

By hypothesis Hy, defined to be f((pl, Hex), ..., (pk, Hox)), satisfies
A

”Ho - Hy ”< ¢, hence

A A A
IT-ms (BB | + |Ho-Ho || + [ Ho-H]|

< [ £(tpy Hox)+ ¢p v, (py, Hox) + ¢ )

k

~£((p), Hox), .-+, (P Hox)) || + ¢+
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Now, since f is a known operator-valued function which is uniformly

g continuous on any closed b ounded set in K-dimensional Euclidean space,
! given any 6§ > 0 there is an > 0 such that for n small enough so that

! (]

nllx] |l Py | =mno, the above uniquality reduces to
Ve
IH-H| <6+e+nm.

We have actually proved that the class of all H which are within a distance

n of a bounded uniformly determinable class (¢,I), are themselves a uniformly

determinable class (¢'.1 ), wheére ¢!+ ¢ as = O.

If there is noise present, or if the channel is known to be in eor near
a determinable class only in a statistical sense, we can no longer establish
sure error bounds, but can only make probabilistic statements about error
bounds. To illustrate this point, let us consider the case where the channel
is characterized stochastically and we know only that for somea > 0 H
\ satisfies E || H-Hp | < @, for some Hy in a prescribed bounded uniformly
‘ determinable class (¢, I). Further, let us suppose there is additive noise

z
present and we know that for some 8> 0 E ||n|| <B. One has

(pk, w) = (pk, Hox) + (pk, (H - Ho)x) + (pk, n).

Let n; »,m; be arbitrary positive numbers. Then

2
P{|H- H ||sn}=z1- %z

1
2

Hlnfsn} =1-5
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and if these events areindependent, one can say that with probability

2 2
exceeding (1 - e/—-) (1- é—— ,

2 n?

1 2

A
” H-H ”S ” f((pl-'HOX) + €15, 00, (pk: HOX) + ek)

—f((leHOX)""! (p,HoX))”“l‘E"}'T]l (20)

k

where Iek] <, x| |l B.. I+ n2 |l pk” . Again, the right side of the inequality
(20) approaches ¢ as i, n; = 0, but, of course, the error bound is valid
with probability nearly one only if @, are small. The condition that the
determinable class be bounded can be dropped by replacing the first term

of the inequality above by

”f((p] ,W)) . ey, (pk,w) - f((plxw) = €15 600, (pk.-W) = €1{) "

but then the bound is no longer uniform, and the (pi’ w) must be known
before the bound can be determined.

It is worth remarking that if preliminary smoothing filtering is done
to minimize the relative noise intensity, the smoothing filters in cascade

with the original channel define a new channel to be determined as above.

4. Measurement and Use of Slowly-Varying Channels

We consider now channels which are varying with time in an unknown
fashion, but at a sufficiently slow rate to permit approximation over a useful

interval by time-invariant channels, or, more precisely, by integral
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operators with time-invariant kernels. If a channel is alternately probed
and used as a medium for communication, there are errors introduced,
first in the channel measurement, and second in the extrapolation of the
measured channel characteristics into the near future. It is proposed to
treat this situation in a way which is partly statistical and partly deterministic,
and which uses the ideas of the preceeding section.

We suppose that any transmitted signal x(t), 7, =t < 1, , results in
a received signal of the form

T2
w(t) = S‘ h(t, s) x(s) ds +nit) s Ty

T

IA
o+
IA

T2

where n(t) is noise (to be specified in more detail later) and h(t, s), defined
for — o <t,s< o, is an ot-stationary stochastic kernel with mean zero
which characterizes the channel. That is, we suppose (presumably from some
knowledge of the physics of the channel, and preliminary statistical tests)

that it is reasonable to model the channel as an ot-stationary stochastic

channel and that the channel autocorrelation function,

R(m;u, v) =Ek(t+T, u)k(t, v)

is known, at least to a rough approximation. If the autocorrelation function
R(T;u, v) has certain properties, the channel will be slowly-varying on the
average, so it makes senseto approximate the sample functions of k(t, u)

by time-invariant kernels for t-intervals that are not too long. Measurement
procedures can be given, based on the results of the preceeding section, which
will yield such a time-invariant approximation. This approximation to the
channel can then be used in the signal processing when the channel is used

as a communication medium.
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We refer to the Appendix for proofs and elaboration of the following
facts about approximation by time-invariant kernels and tne connection with
ot-stationarity:

i) Let k(t, u) be an admissible kernel. The time-invariant kernel g(u)
which most closely approximates k(t, u) in HS norm on the interval [0, T]
i.c.which minimizes

T t

* 2

SS |k(t, u) - g(u)| dtdu,
0o 0

o 1 T
1s given by g(u) = 7 S‘ k(t)u) dr. @A.1)
u

ii) If k(t, u) is an admissible ot-stationary stochastic kernel, the

stochastic process g(u) which best approximates (t, u) in the sense of minimizing

T t
. 2
ES‘S |k(t, u) - g(u)| dtdu
o o0

is still given by Eq. (A.1), and the error, that is the value of (22), is given
by T T min (t, 7)

5 S S‘ p(r-t, u) dudrdt (A.7)
0o 0 o T-u

where p(t, u) = R(0O;u, u) - R{t; u, u).

Example 1 (continued). Consider a stochastic channel kernel function k(t, u)

which is ot-stationary, and which has the property tnat with probability

one for a.e. t, k(t, : ) satisfies the condition of uniform domination of
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Fourier coefficients with respect to some cons {¢k} required in Example 1.

Then the best time-invariant approximation of k(t, u), given by Eq. (21),
satisfies this condition, as does also the simple approximation given by
simply fixing t in k(t, u) (for a, e.t) . Thus a uniformly determinable class
of the type of Example 1 is appropriate, and || ﬁ-H" satisfies the inequality
(20) with the probability stated. The number @, which is a bound on
E ||H-H, “z , can be taken from Eq. (A.7) or (A.9), where the former gives
the best possible (i.e. the smallest) value. The number B, which is a
measure of noise intensity, must be a datum of the problem. Since in this
example the determination is simply a partial sum of a Fourier series,
one has for the ﬁ - ﬁo contribution to the error, where 'g‘(u) and go (u) are
the time-invariant kernels for f-I and flo respectively,
K K
-8 - 2o, e, - Do, Hox) &,
K
= L[4, (H - Ho)x) + (6, W0,

whence

lg - &l = IlE- Ho || x| + lInf.

and A A
[8 - B [sNTUIH - K || [[x]| + [n]).

2
2 B

Thus, from (20), one can say that with probability exceeding (1- %—-Xl - —)

n 4
I8 - Hl < afT [x]| +¥Tt+ ¢ +m,

where ¢ is tne residual error in the determination,n, > @, n,;> B are arbitrary
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and @,b are given as above. One should recall that a lower bound for ||x||
in this inequalityis fixed by the choice ot ¢; once a residual errore is
established a sufficiently good approximate 6-function x(t) is required. Since
the L; -norm of x(t) must be held at one (because of the normalization of

the ¢k) the L; -norm of x must exceed some lower bound. Note thatany Hp in
the determinable class may be used in obtaining the estimate (22) if @ is
chosen appropriately. The best estimate of this kind is obtained with
minimum @, and this is achieved in this example by using for H, the best
approximation as given by Eq.(A.l), which implies, as alreaay stated, that
a can be given by Eq. (A.7).

In order to bound tne error which occurs 1in using the measured
value of the channel kernel function in the immediate future one need modify
the inequality (21) only slightly. Let us suppose the channel has finite
memory Yy, that it is to be measured during the interval [0, a] and used
during the interval [b,b + T], when0 <a <b <b + T. The measurement is
to be accomplished by reference to the same determinable class as
specified in the preceeding paragraph.

Let H be the actual channel operator during the measurement
interval and HC the actual channel operator during the use interval.

H, is to be an operator tor the use interval whose kernel is a time-invariant
approximation to that of belonging to the same determinable class as above;
?Io is the estimate of Hy which would be yielded by the determination if Hj
were the actual channel operator and it there were no noise, ana /I-\Ic is the

estimated operator. Suppose,
2 2
E”HC‘Ho” <a,

2 2
E”HC'Ho” <ea,
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and m,, n,, are arbitrary positive numbers. Then,

B{||H - Ho ll<n, . [[He- Ho || <mz} =1- G - %%,

M N2

and since

A A A A
H’HC= (H- Hp) +(Ho- Hy) + (Ho - Hc)

one can say by an argument paralleling the previous one that, with probability

exceeding
o? o 2
1- - 1- ,
1-++ ;i‘)( 77)
1 2
I8 - H [ =n,NT x| + INT + ¢ + 7, . (22)

In the previous paragraph it was pointed out that the inequality (21) was
derivable with suitable constants no matter what Howas used tor comparison,
but that the best result was obtained it E |H - Hy ||> was a minimum. Again,
(22) follows with suitable constants for any Hpin the determinable class, but
it is no longer clear what is the best choice of Hypin deriving the inequality

A A
since | H- Ho | and || Ho- Hc || can have quite complicated behavior relative

to each other as Hpis varied, depending on the actual autocorrelation function.

If, for example, we take for Hythe integral operator on L, [b, b + T] with
kernel k(c, u) where c is a constant, 0 = C <b + T, then by (A.10) o and a,

can be taken.
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a
a? =2 S[R(O) - R(t-c)] dt
0

b+T
Z[g[R(O) - R(t-c+b)] dt

R
]

There is a hidden constraint on the measurement interval[ 0, a] which
is implicit in these inequalities. Suppose T> y. Then sinceH, is an operator
on an interval of length T, determining ﬁo so that IFI’-\IO - Hp [[= ¢ as required
necessitates a measurement interval of length nearly y, and its length must
be 2 vy in the limit as € =~0. Thus, practically one can say that a >y. For a
to be greater than is necessary to make the determination weakens the error
inequality (22), however, by increasinge,;. Thus, the interpretation of (22)
agrees with the common sense idea that one can apply the test signal, take
measurements until the channel stops ringing, then use the channel until it
has drifted far enough to cause an unacceptable error.

The successive measurements of the channel are, of course, available
for improving an estimate of Rft; u, v), but that aspect of the problem will not

be discussed here.

Example 3 (continued). This will just be indicated. Let a stochastic kernel

function which is ot-stationary have finite memory 2vy. Then again since
averaging on t preserves the finite memory property, this channel can be
referred to a determinable class of the type discussed in Example 3. Then
the probabilistic inequality of (20) is valid, where the determination referred
to is that of Example 3. In this case, of course, H and ﬁ are restricted to
the subset of nearly-band-limited signals introduced in Example 3. The
error which occurs in using the estimated channel operator at a future time.

is subject to bounds established in the same way as in the example above.
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5. An Application to Signal Detfection and Measurement

The material of the preceeding sections is intended to describe classes
of channels which can be measured approximately, and to provide estimates
for how much the actual channel operation may differ from what the receiver
thinks it is. Results of this kind can be used to show when in signal-detection
problems certain standard statistical data-processing procedures may be used,
if information about the channel is continuously updated, and how much loss
in performance may be incurred because of the time-varying nature of the
channel. We illustrate this application in this section with a known example
(Grenander 1949).

Let the received signal be

w(t) = y(t; @) +n(t), . 7, st=T, (1.)

where now we fix the noise n(t) to be a Gaussian process continuous in mean-
square and with mean zero, and y(+;@) to be aknown real-valued function
€ Ly [y, T2 ] for each @ in a parameter set A, where A is either a finite set or

a compact subset of R Let R(t, s) = E n(t)n (s), and let

T

ko

1
a

2
§ R(t,s)¢ (s) ds =\ _o_ (1), T
N n nn

T
1

The )\n are non-negative; we shall assume the A{¢n(t)} are taken to be ortho-
normal and real and that the integral operator in question has zero null

space, so that {cbn} is a complete set. We define
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T2

W =§ W(t)¢k(t) dt

k .
T1
T2
yk(a) = g‘ y(t;a)¢k(t) dt
T
o0
fwsa) = & "k5k(?) (23)
M

The W, are jointly Gaussian random variables. If for each @ ¢ A,

2
Z; Yk (@) < w, then the series defining f(w; @) converges with probability

M

one and also in mean square with respect to the measure induced by any

aeA. Also

o0
E_f(w; @) =23 Ypl@) vy (@) (24)
o X
n
[ o]
var f(w; @) = 2 yr;(% ) (25)
n

and f(w; @) is Gaussian. The subscript @ refers to the measure induced
by the parameter @ . Then the logarithm of the ''likelihood ratio', i. e.,
the logarithm of theRadon-Nikodym derivative of the two probability measures

induced on the sample space of the w(t) by the parameters @, and ¢, is given by
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lim log P{M1s - -Wyi®o)

N- o pWy, o0, W

= f(W;Q’l ) - f(w;09) + C(al , @g)

N;al‘)

where C(a,, @y) depends on s(t;a ), s(t;a, ) but no on w(t). Thus any
inference procedure (e. g., hypothesis test or point estimation) based on
likelihood ratios is determined by the test functionals f(w;a). The behavior
of any such inference procedure depends on the distributions of the f(w;a); and
since these are all jointly Gaussian, on the first and second moments of the
f(w;a). Thus, for the class of suré-signal— in-noise problems indicated, and
from an applicational point of view this is a wide class, one can investigate
the effect of unknown perturbations on the prior data of the problem entirely
by first and second moment calculations of the f(w;a). Such a problem is
said to be stable (5) if a small change in the noise covariance (in the sense
of L, -norm) necessarily causes only a small change in the distribution
functions of the f(w;@). A necessary and sufficient condition for stability is
that

vy (@)

ET\Z—<°°'
n

(26)

If this condition (26) holds then it also follows immediately that for any a
the mean value of the test functional f(w; @) varies continuously with pertur-
bations of the signal y(t;a,), where again the L, -norm is used to measure
the perturbations. In fact, let y'(t;a) = y(t;a) + e(t;a), where e(t;a) is to be

regarded as a perturbation, be the actual received signal so that

w'(t) = y'(a) + nlt).
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The test functionals f(- ; @y) are unchanged because they represent fixed data

processing procedures. However, their mean values are changed,

0
E_f(w',a°) = E_ 27 W'Y, (@) (27 )
Xk
o0 1
5> Yl @)y (@) (28)
)\k
where
T2
y'k(a) = g. e(t;a)¢k(t) dt + yk(a) = ek(a) + yk(a)-
Ty
[+ o]

Thus Eaf(w';a %) = Eaf(w;ao) + E ek(a)yk(ao) , and the absolute value of

"

) \—12_
_‘°__ ' . The variances of the

. )‘17; /

f(. ; @) are unaffected by changes in actual received signal.

o
w2
the change inthe mean is < |le(a) || E(Zk “

The simplest example in which to carry through the effect of pertur-
bations on the final inference is a pure detectionproblem, but even though
simple it illustrates the situation adequately. Let @ = 0 or 1, take y(t;0) = s(t),
Ty =t =71,, aknown function, and take y(t;1) = 0. Then a likelihood test for
the presence of the signal s(t) is to compare f(w;0) with a fixed threshhold for
n, and decide the signal is present if f(w;0) > nn. One has then that the
probability of correctly deciding that the signal is present is

2
u

o0
1
P{f(w;0) >nfa =0} = = g e du
L —~b
NDb

1
2

oV




0
2 (0)
where b = 227k is the signal-to-noise ratio. Now suppose that the actual

M

signal is s(t) + e(t), and put

bt = E, £f(w;0) = + 27 k(0 .

)\k
Then
1 2
1 g --2’-u du.
P{f(w;0)> n |@ =0} = — g e

N 27 -b!
n
NI

The change in the lower limit of the error function integral is

€Y (%)

M

2 z
5 un}/
E(K
k

and the absolute value of this change is less than or equal to

(29)

-

gvf((o) z
N 2
lell | "k (30 )
Yk(O)

>k
|k

Of course the effect of this perturbation on the probability of detection depends
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where on the tail of the Gaussian distribution\?__
b

is located, and as the

signal-to-noise ratio b becomes larger the effect is less.
Now for the time-varying linear channel
T2
y(t; @) =g“ h(t, s) x (s;a)ds, T,Sts T, (31)
)
and if h(t, s) is known (it is assumed x(s;a) is known) one has the necessary
prior data on the signal for a sure-signal-in-noise problem. The application
of channel measurement techniques is obvious. One uses the estimated
channel kernel Iﬁ(t, s) (or ﬁ(t, u) to yield a nominal received signal for each a:
T2
yolt; ) = g. ﬁ(t,s)x(s;a)ds, TSt T,.

T

The data processing is based on yq(t;a). The actual received signal function
y(t; @) is given by Eq. (31), and e(t;@) = y(t;a) - yolt;@), is the difference

between it and the nominal signal. Then,
A
let-se) |l = 1B - H]| % ;e
From results of the type of those obtained in Section 4, one can say that for
certain numbers ¢, A(a)> 0, |le(-; @) || s A(a) with probability 2 1 -¢, and

hence with probability 2 1 - ¢ the mean-value of the test functional f(w;a) is

changed by less than
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o

o0
2 .
A(a)réko(ab (32)
M

from its nominal value, where yko(a) is the Fourier coefficient with respect
to ¢k of the nominal signal y,(t;@). It should be mentioned that the factor
© Yio!?)

kO
Exk

(133)

2
can also be written as ||z( - ; ) | where z(t;@) is the solution of
T2
S‘ R(t, s) z(s;a) ds =y, (;@), T T,Stst,.

T
This equation has a solution in L,[T,, T, ] if the series in (.26) converges,

and it is unique by the assumption that the integral operator has zero null

space.
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Appendix: The Approximation of Observation-Time-Stationary Kernels
by Time-Invariant Kernels

The best mean-square approximation to an arbitrary realizable
kernel by a time-invariant kernel is obtained by averaging the original kernel

over the observation time. More precisely, one can state the following:

Lemma. If k(t,u)e L,[0, T} x[0,T] and k(t,u) = 0 for all u> t, then
T
S k(T, u) dr (A.1)

u

_ 1
g(u) = T-u

is defined for a.e. u, 0<su =T,

T t
S S. gz (u)du <o, (A.2)
o o0

and amongst all functions g'(u) satisfying (A.2), g provides a minimum for

the expression

Tht 2 2
S' g |k(t,u) - g'(u) | dudt=[k-g] . (A.3)
0 ]

In other words, g(u) is the kernel for the realizable, time-invariant

integral operator which most closely approximates the channel operator in

Hilbert-Schmidt norm.
Proof: Since k(t, u) is of integrable square on [0, T] x[0, T] it is integrable

on[ 0, T]x[0, T] and hence g(u) is defined for a.e.u. We calculate a

bound for the expression (A.3) with g(u) used for g'(u):
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[k - gﬂ S gl g [k(t, u) -k(7, u)] d'rIdudt

TAT T T
= S S g [k(t, u) - k(T, u)] dtS [k(t,u) -k(v',u)] dr'dtdu
(T-u)?

(]

T , ToTAT
- (T-u)’ S S S {k* (t,u) -k(t, u) k(*, u)
u u u

-k(t, u) k(T, u) + k(t, u) k(*', u)} drd+'dtdu

o

T T 1 Tn T
= {S‘ k* (t,u) dt - T-uSS‘ k(t, u) k(7, u) dtdr }du
o u u u

- - §%du du. @.4)

0 T-u

Thus [ g = 2] k] and (A. 2) is satisfied. Furthermore, it follows from the
Schwarz inequality applied to the last term in Eq. (A.4) that [|[k-g| =
if and only if k(t, u) does not depend on t. Now g' = g will minimize Hk-gﬂ

if

T t T T
2 2
S' S' |k(t, u) -g(u) - n(u)| dudtzS. 5 |k(t,u) - g(u)| dudt
[+]

o o0 r
for any m(u) € L,[0, T}]. This condition reduces to the requirement that
T t
S‘ S‘n(u)[k(t, u) - g(u)] dudt=0
o o
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or

S‘ g T 5 [k(t,u) -k(r,u)}drdudt = 0

u

for any n(u) € L0,7 . This integral can be rewritten

SeTS- T S- min (& 7) o) [k(t,u) -k(r,u)] du drdt. (A.5)
T

-u

The bracketed expression in (A.5) is an anti-symmetric function of t,T;
hence, since the double integral in (A.5) is over the square
0=t=T, 0= 1=T, it vanishes for all n (u) as required.

If k(t,u) is a stochastic kernel satisfying the condition (A.3) then
it follows immediately that g(u) as given by Eq. (A.1l) is defined, except
for a set of realizatzions of k(t, u) of probability zero, for a. e.,lll, talnd
minimizes E|k-g| within the class of all g(u) satisfying Eg S.gz (u) du < oo,

o o
The mean-square error of approximation of an ot-stationary kernel

by the best time invariant one as givenby Eq.(A.1), i. e., the expected
value of the HS norm of the difference, is given for an arbitrary interval
fa, a+T] by

a+T t-a a+T

T 1 a+T a+T
=ES‘ mz S‘ lS‘ [k(t u) -k(T, u)]d‘l'l dtdu

0 atu atu

2
k(t,u)dr| dudt

atu
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a+tT hatTaat+T
g (_'fT)? S S S {R(0; u,u) -R(t-T';u, u)
o

a+u atu atu
-R(t -t; u,u) + R(r -7';u, u)} dr dv'dtdu

T
S‘ (T-u) R(O; u, u) du
0

R(r-t;u, u) drdtdu

(-]

'+ u,u) drdr'du

u u

T
= S (T - u) R(O;u, u) du
0

TrTeT |
S 51 {R(7-t; u.u)} - drv dtdu. (A.6)

T-u
0 u u

One notices in Eq. (A.6) that the mean-square error of the time-invariant
approximation does not depend on the translation parameter a; this is true
because of the ot-stationarity and would be expected. The right side of Eq. (A.6)

may be rewritten as

TAT.T

S‘Sg p(r -t ¥)  grdtdu (A.7)
T-u

0 u u

where p (t, u) = R(0O;u, u) - R(t;u, u)
is a statistical measure of how rapidly the channel is varying.
The rather awkward expression (A.7) can sometimes be replaced

by a somewhat crude but very simple upper bound as follows.
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Let 6=min[T, y] , Y the upper bound on the memory of k(t, u).

Tht 1 T 2
Eg g Jk(t, u) - T——uS k(v, u) dv| dudt
o [+] u

TAbd 1 T 2
5ES S' |k(t, u) - -—T—Sk(f,u) dr | dudt,
o 0 0

since the integrand is positive and since

kernel yielding no better approximation

right side of (A.8) can be easily evaluated to give

T 5 T
TR (0)-25 R(n)dn+§r§ n R(n) dn
0

0

where
()

R(n) = S\ R(t;u, u) du.
)

T .
4]

Then

than the optimum one.

Now if the condition R(0) -R(n) < e for |n| = T is satisfied, the error

bound (A.9) is less than or equal to 2 ¢ T.

In general, the mean-square error (in the sense we have been

using that term here) in approximating a stochastic kernel over a finite

interval by any linear transformation of the same kernel can obviously be

expressed in terms of its autocorrelation function.

example of this, which is used here, is
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One other simple

(A.8)

T
g‘ k(T, u) dv is a time-invariant

The

(A.9)



t

2
E |k (t,u) -k(b,u) | dudt

OL/D
OL/_;%

TAt
=2 [R(0; u, u) -R(t-b; u,u)] dudt
o 0

(‘T
<2 [R(0) -R(t-b)] dt
0

where R(n) is defined as before.
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